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CHERN CLASSES AND TRANSVERSALITY FOR
SINGULAR SPACES
JO¨RG SCHU¨RMANN
Dedicated to Pepe Seade on his 60th birthday
Abstract. In this paper we compare different notions of transversality for
possible singular complex algebraic or analytic subsets of an ambient complex
manifold and prove a refined intersection formula for their Chern-Schwartz-
MacPherson classes. In case of a transversal intersection of complex Whit-
ney stratified sets, this result is well known. For splayed subsets it was
conjectured (and proven in some cases) by Aluffi and Faber. Both notions
are stronger than a micro-local “non-characteristic intersection” condition for
the characteristic cycles of (associated) constructible functions, which nev-
ertheless is enough to imply the asked refined intersection formula for the
Chern-Schwartz-MacPherson classes. The proof is based the multiplicativity
of Chern-Schwartz-MacPherson classes with respect to cross products, as well
as a new Verdier-Riemann-Roch theorem for “non-characteristic pullbacks”.
1. Introduction
In this paper we work in the embedded complex analytic or algebraic context,
with X and Y closed (maybe singular) subspaces in the ambient complex manifold
M . And we want to show under suitable “transversality assumptions” the following
refined intersection formula for their Chern-Schwartz-MacPherson classes:
(1.1) d! (c∗(X)× c∗(Y )) = c(TM) ∩ c∗(X ∩ Y ) ∈ H∗(X ∩ Y ) .
Here H∗(X) denotes either the Borel-Moore homology group H
BM
2∗ (X,Z) in even
degrees or in the algebraic context the Chow group CH∗(X), with
d! : H∗(X × Y )→ H∗(X ∩ Y )
the corresponding refined pullback for the (regular) diagonal embedding d : M →
M ×M of the ambient complex manifold M (as recalled in the next section). Note
that for X compact, the topological Euler characteristic χ(X) of X is given by
χ(X) = deg(c∗(X)) = deg(c0(X)) .
So formula (1.1) shows that in general for X and Y compact the Euler character-
istic χ(X ∩ Y ) of the intersection cannot be given just in terms of χ(X) and χ(Y ),
but that the information of their total Chern-Schwartz-MacPherson classes c∗(X)
and c∗(Y ) is needed.
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For X and Y smooth complex submanifolds, all these different notions of “trans-
versality” for singular subspaces just reduce to the classical notion of transversality,
so that X ∩ Y also becomes a smooth complex submanifold of M , with normal
bundle
NX∩YM = NXM |X∩Y ⊕NYM |X∩Y .
And then (1.1) easily follows from the fact, that
c∗(Z) = c(TZ) ∩ [Z] = c(NZM)
−1 ∩ (c(TM) ∩ [Z])
for Z a closed smooth complex submanifold of M (with c the total Chern class).
Also recall that the smooth complex submanifolds X and Y of M intersect trans-
versally, iff the diagonal embedding d :M →M ×M is transversal to X × Y , with
d−1(X × Y ) = X ∩ Y and
NX∩YM = d
∗(NX×Y (M ×M)) = d
∗(NXM ×NYM) .
And this last viewpoint can be generalized in different ways to singular complex
subspaces.
Maybe the best known notion of tranversality for singular X and Y is the
transversality as complex Whitney stratified subsets, i.e. both are endowed with
complex Whitney b-regular stratifications such that all strata S of X and S′ of Y
are transversal. Equivalently, the diagonal embedding d is transversal to all strata
S × S′ of the induced product Whitney stratification of X × Y . And then the
intersection formula (1.1) is well known, see e.g. [10][Thm.3.3] or [28][Cor.0.1 and
the discussion afterwords]. Another notion of transversality for singular complex
subspaces X and Y in the ambient complex manifold M was studied by Aluffi and
Faber [2, 3] (and first introduced and characterized by Faber [11] in the hypersurface
case):
Definition 1.1. X and Y are splayed at a point p ∈ M , if there is near p a local
analytic isomorphism M = V1 × V2 of analytic manifolds so that X resp. Y can be
defined by an ideal in the coordinates of V1 resp. V2. X and Y are splayed if they
are splayed at all points p ∈ X ∩ Y .
Note that also in the complex algebraic context, these local coordinates are only
asked for in the local analytic context. And Aluffi and Faber [2, 3] conjectured
(and could prove in some cases) the intersection formula (1.1) for X and Y splayed.
The problem is of course, that both notions of transversality cannot be directly
compared and are of very different type, with “stratified transversality” more of
geometric and “splayedness” more of algebraic nature.
We will gereralize in the next section both notions even to constructible functions
α ∈ F (X) and β ∈ F (Y ), showing that both are stronger than the micro-local “non-
characteristic intersection” condition, that the diagonal embedding d :M →M×M
is “non-characteristic” with respect to the support
supp(CC(α× β)) ⊂ T ∗(M ×M)
of the characteristic cycle of α×β. Nevertheless this micro-local “non-characteristic
intersection” condition implies the following generalization of the refined intersec-
tion formula (1.1) even for the Chern-Schwartz-MacPherson classes of constructible
functions:
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Theorem 1.2. Let X,Y be two closed subspaces of the complex (algebraic) manifold
M with given constructible functions α ∈ F (X) and β ∈ F (Y ). Assume that
the diagonal embedding d : M → M × M is non-characteristic with respect to
supp(CC(α× β)) (e.g. α and β are splayed or stratified transversal). Then
(1.2) d! (c∗(α)× c∗(β)) = c(TM) ∩ c∗(α · β) ∈ H∗(X ∩ Y ) .
In particular
(1.3) c∗(α) · c∗(β) = c(TM) ∩ c∗(α · β) ∈ H∗(M) .
By definition of the MacPherson Chern class in [23], c∗(Z) := c∗(1Z) for Z =
X,Y or X ∩ Y , so that (1.2) implies the formula (1.1) by 1X · 1Y = 1X∩Y .
Let us mention here, that Brasselet and Schwartz [9] (see also [1]) showed that
the MacPherson’s Chern class c∗(1X) corresponds to the Schwartz class c
S(X) ∈
H2∗X (M) (see [34, 35]) by Alexander duality for X embedded in the smooth complex
manifold M . That is why the total homology class c∗(X) = c∗(1X) is called the
Chern–Schwartz–MacPherson class of X .
Other natural Chern classes of a singular complex algebraic or analytic set Z
are the Aluffi-Chern class cA∗ (Z) := c∗(νZ) defined by the constructible Behrend
function νX introduced in [4], or for Z pure-dimensional the Mather-Chern class
cM∗ (Z) := c∗(EuZ) defined by the famous constructible Euler obstruction func-
tion EuZ of MacPherson [23]. Both functions νZ and EuZ commute with cross-
products, restriction to open subsets and switching from the algebraic to the ana-
lytic context, with EuZ = 1Z = (−1)dim(Z) · νZ for Z smooth.
Corollary 1.3. Let X,Y be two closed splayed subspaces of the complex manifold
M , with m = dim(M). Then also νX and νY are splayed, with νX · νY = (−1)m ·
νX∩Y so that
(1.4) d!
(
cA∗ (X)× c
A
∗ (Y )
)
= (−1)m · c(TM) ∩ cA∗ (X ∩ Y ) ∈ H∗(X ∩ Y ) .
If in addition X and Y are pure-dimensinal, then also EuX and EuY are splayed,
with X ∩ Y pure-dimensional and EuX · EuY = EuX∩Y so that
(1.5) d!
(
cM∗ (X)× c
M
∗ (Y )
)
= c(TM) ∩ cM∗ (X ∩ Y ) ∈ H∗(X ∩ Y ) .
The proof of theorem 1.2 is based on the multiplicativity of Chern-Schwartz-
MacPherson classes for cross products (see [21, 22]):
c∗(α× β) = c∗(α) × c∗(β) ,
as well as the following new Verdier-Riemann-Roch theorem for “non-characteristic
pullbacks” (applied to the diagonal embedding d :M →M ×M):
Theorem 1.4. Let f : M → N be a morphism of complex (algebraic) manifolds,
with Y ⊂ N a closed subspace and X := f−1(Y ) ⊂M . Assume that γ ∈ F (Y ) is a
constructible function such that f is non-characteristic with respect to the support
supp(CC(γ)) ⊂ T ∗N |Y ⊂ T ∗N of the characteristic cycle CC(γ) of γ. Then
(1.6) f !(c(TN)−1 ∩ c∗(γ)) = c(TM)
−1 ∩ c∗(f
∗(γ)) ∈ H∗(X) ,
with f ! : H∗(Y )→ H∗(X) the Gysin map induced by the morphism f : M → N of
complex (algebraic) manifolds.
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This Verdier-Riemann-Roch theorem for “non-characteristic pullbacks” is the
main result of this paper, from which the refined intersection formula (1.2) directly
follows in the spirit of Lefschetz’ definition of intersection theory via cross-products
and (refined) pullbacks for the diagonal map (as explained in the next section).
The proof of Theorem 1.4 is based on the micro-local approach to Chern-Schwartz-
MacPherson classes via characteristic cycles of constructible functions (as recalled
in the last section, and see e.g. [15, 16, 20, 26, 31]). Note that the micro-local
notion of “non-characteristic” has its origin in the theory of (holonomic) D-modules
(as in [15, 16]) as well as in the micro-local sheaf theory of Kashiwara-Schapira
[19]. Nevertheless, in our context we think of it as a micro-local “transversality
condition” fitting nicely with the geometry of Chern-Schwartz-MacPherson classes
of constructible functions. As a byproduct of our proof we also get the following
“micro-local intersection formula”:
Corollary 1.5. Let M a complex (algebraic) manifold of dimension m = dim(M),
with α, β ∈ F (M) given constructible functions. Assume that the diagonal embed-
ding d : M → M ×M is non-characteristic with respect to supp(CC(α × β)) (e.g.
α, β ∈ F (M) are splayed or stratified transversal), with supp(α · β) compact.
Then also supp(CC(α) ∩CC(β)) ⊂ T ∗M is compact, with
(1.7) χ(M ;α · β) = (−1)m · deg(CC(α) ∩ CC(β)) .
In the end of the next section we also illustrate some other situations, where
such a “non-characteristic condition” follows from suitable “splayedness” assump-
tions. Characteristic cycles are of “cotangential nature”, since they are living in the
cotangent bundle T ∗M of the ambient manifold M . So for the pullback situation
of a holomorphic map f : M → N of complex manifolds we have to study the
associated correspondence
T ∗M ← f∗TN → T ∗N
of cotangent bundles. And here the “non-characteristic” condition shows automat-
ically up for the definition of the pullback of a characteristic cycle living in T ∗N .
Let us finally point out, that there are also other intrinsic notions of Fulton- and
Fulton-Johnson-Chern-classes (see [13][Example 4.2.6])
cF∗ (X) = c
∗(TM) ∩ s∗(CXM) , c
FJ
∗ (X) = c
∗(TM) ∩ s∗(NXM) ∈ H∗(X)
of a singular complex variety X ⊂M embedded into a complex manifold M , which
are more of “tangential nature” defined via Segre-classes of the normal cone CXM
resp. the cone associated to the conormal sheaf NXM of X in M . And also for
them the refined intersection formula (1.1) holds under the assumption that X and
Y are splayed in M . For the Fulton-Chern-classes this was shown by Aluffi and
Faber [3][Thm.III]. And in another paper we will give a different proof of this result,
very close to the ideas of this paper, which will also apply to the Fulton-Johnson-
Chern-classes.
Finally let us point out, that results similar to Theorem 1.2 and (1.1) are also
true for the Hirzebruch class transformation Ty∗ of [7, 32] in the context of complex
algebraic mixed Hodge modules, if one asks the “non-characteristic property” for
the characteristic variety of the underlying (filtered) D-modules. But in this case
the proof is different and follows the lines of [28] (as explained elsewhere).
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2. Splayed constructible functions
In this chapter we work in the embedded complex analytic or algebraic context,
with X a closed subspace in the complex manifold M . Let F (X) = Falg(X) or
F (X) = Fan(X) be the group of Z-valued constructible function, so that a con-
structible function α ∈ F (X) in the complex algebraic (resp. analytic) context is
a (locally finite) linear combination of indicator functions 1Z with Z ⊂ X a closed
irreducible subspace. Viewing an algebraic variety as an analytic variety, one gets
a canonical injection Falg(X) →֒ Fan(X).
First we extend the definition of splayedness form subspaces to constructible
functions:
Definition 2.1. Let X,Y be two closed subspaces of M with given constructible
functions α ∈ F (X) and β ∈ F (Y ). Then α and β are splayed at a point p ∈ M ,
if there is near p a local analytic isomorphism M = V1 × V2 of analytic manifolds
so that α = π∗1(α
′) and β = π∗2(β
′) for some α′ ∈ F (V1) and β′ ∈ F (V2), with
πi : V1 × V2 → Vi the projection (i = 1, 2).
α ∈ F (X) and β ∈ F (Y ) are splayed if they are splayed at all points p ∈ X ∩ Y .
So two algebraically constructible functions α, β are by definition splayed (at a
point p), if this is the case for them viewed as analytically constructible functions.
Let us give some examples:
Example 2.2. (1) If α ∈ F (M) is locally constant, then α and β are splayed
for any β ∈ F (Y ). Just take a local isomorphism U = {pt} × U with α
constant on U so that α = α′ · 1U = π∗1(α
′) for α′ ∈ Z = F (pt), with
π1 : {pt} × U → {pt} the projection.
So if one wants to show that two constructible functions α ∈ F (X) and
β ∈ F (Y ) are splayed, then one only needs to check this at all points p ∈M
were α and β are not (locally) constant near p. In particular the choice of
the closed subspaces X and Y in Definition 2.1 doesn’t matter.
(2) Let X,Y be two closed subspaces of M . Then α = 1X and β = 1Y are
splayed as constructible funstions, if and only if X and Y are splayed as
closed subspaces. Moreover, in this case also the constructible indicator
functions of their complements 1M\X , 1M\Y ∈ F (M) are splayed.
For X a closed subspace in the complex manifold M , let c∗ : F (X)→ H∗(X) be
the MacPherson Chern class transformation for constructible functions, wereH∗(X)
denotes either the Borel-Moore homology group in even degrees HBM2∗ (X,Z) or in
the algebraic context the Chow group CH∗(X). In the next chapter we will explain
a possible definition of c∗ in this embedded context X ⊂M via the theory of conic
Lagrangian cycles in the cotangent bundle T ∗M |X . This implies in the algebraic
context directly the commutativity of the following diagram, with cl the cycle map
(as in [13][Chapter 19]):
(2.1)
Falg(X) −−−−→ Fan(X)
c∗
y
yc∗
CH∗(X) −−−−→
cl
HBM2∗ (X,Z) .
One of the main results of this paper is the following
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Theorem 2.3. Let X,Y be two closed subspaces of the complex (algebraic) manifold
M with given splayed constructible functions α ∈ F (X) and β ∈ F (Y ). Then
(2.2) d! (c∗(α)× c∗(β)) = c(TM) ∩ c∗(α · β) ∈ H∗(X ∩ Y ) .
In particular
(2.3) c∗(α) · c∗(β) = c(TM) ∩ c∗(α · β) ∈ H∗(M) .
In the algebraic context
d! : CH∗(X × Y )→ CH∗(X ∩ Y )
is the refined Gysin map ([13][Sec.6.2]) associated to the regular diagonal embedding
d :M →M ×M . In the analytic context it is the refined pullback
d! : HBM2∗ (X × Y,Z)→ H
BM
2∗ (X ∩ Y,Z)
which under Poincare´ duality corresponds to the pullback
d∗ : H2∗X×Y (M ×M,Z)→ H
2∗
X∩Y (M,Z)
in cohomology with support.
Corollary 2.4. Let X,Y be two splayed closed subspaces of the complex (algebraic)
manifold M . Then
(2.4) d! (c∗(X)× c∗(Y )) = c(TM) ∩ c∗(X ∩ Y ) ∈ H∗(X ∩ Y ) ,
in particular
(2.5) c∗(X) · c∗(Y ) = c(TM) ∩ c∗(X ∩ Y ) ∈ H∗(M) .
Similarly
(2.6) c∗(M\X) · c∗(M\Y ) = c(TM) ∩ c∗(M\(X ∪ Y )) ∈ H∗(M) .
The proof of Theorem 2.3 uses first the multiplicativity
(2.7) c∗(α× β) = c∗(α) × c∗(β)
of the MacPherson Chern class transformation (see [21, 22]), which by induction
on the dimension of the support of the constructible functions and resolution of
singularties follows from the Chern class formula
c(TM × TM ′) = c(TM)× c(TM ′)
for the Chern classes of complex (algebraic) manifolds M,M ′.
The second main ingredient (explained in the next section) is a Verdier-Riemann-
Roch Theorem for the behaviour of MacPherson Chern classes under a non-charac-
teristic pullback for a morphism f : M → N of complex (algebraic) manifolds,
based on the Lagrangian approach to MacPherson Chern classes of constructible
functions via the characteristic cycle map
CC : F (Y )
∼
→ L(Y,N)
to the group L(Y,N) = Lan(Y,N) (resp. L(Y,N) = Lalg(Y,N)) of conic La-
grangian cycles in T ∗N |Y for Y a closed subspace of the complex (algebraic) mani-
fold N . The characteristic cycle map CC is characterized by (see [29][(6.35), p.293
and p.323-324])
(2.8) CC(EuZ) = (−1)
dim(Z) · [T ∗ZN ]
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for Z ⊂ Y a closed irreducible subspace. Here EuZ ∈ F (Z) is the famous local
Euler obstruction of Z, with EuZ |Zreg constant of value 1, and T ∗ZN := TZregN
the closure of the conormal space to the regular part of Z. In particular CC
is compatible with switching from the complex algebraic to the complex analytic
context.
Theorem 2.5. Let f : M → N be a morphism of complex (algebraic) manifolds,
with Y ⊂ N a closed subspace and X := f−1(Y ) ⊂M . Assume that γ ∈ F (Y ) is a
constructible function such that f is non-characteristic with respect to the support
supp(CC(γ)) ⊂ T ∗N |Y ⊂ T ∗N of the characteristic cycle CC(γ) of γ. Then
(2.9) f !(c(TN)−1 ∩ c∗(γ)) = c(TM)
−1 ∩ c∗(f
∗(γ)) ∈ H∗(X) ,
with f ! : H∗(Y )→ H∗(X) the Gysin map induced by the morphism f : M → N of
complex (algebraic) manifolds.
Also note that
f !
(
c(TN)−1 ∩ (−)
)
= f∗(c(TN)−1) ∩ f !(−) = c(f∗TN)−1 ∩ f !(−) .
Before we recall the definition of non-characteristic, we need to introduce the fol-
lowing commutative diagram (whose right square is cartesian, see for example
[19][(4.3.2), p.199] or [29][(4.15), p.249]):
(2.10)
T ∗M |X
t=tf
←−−−− f∗(T ∗N |Y )
f ′
−−−−→ T ∗N |Y
ypiX
ypi
ypiY
X X
f
−−−−→ Y .
Here f ′ is the map induced by base change, whereas t is the dual of the differential
of f . Then f is by definition non-characteristic with respect to a closed conic subset
Λ ⊂ T ∗N |Y (i.e. a closed complex analytic (or algebraic) subset invariant under
the C∗-action given by multiplication on the fibers of the vector bundle T ∗N |Y ), if
(2.11) f ′−1(Λ) ∩Ker(t) ⊂ f∗(T ∗NN |Y ) ,
with f∗(T ∗NN |Y ) the zero section of the vector bundle f
∗(T ∗N |Y ) (compare also
with [19][Def.5.4.12] or [29][p.255]).
If for example f :M → N is a submersion, then t : f∗(T ∗N |Y ) →֒ T ∗M |X is an
injection so that Ker(t) = f∗(T ∗NN |Y ) is just the zero section of the vector bundle
f∗(T ∗N |Y ) . So in this case f is non-characteristic with respect to any closed conic
subset Λ ⊂ T ∗N |Y .
Corollary 2.6. Let f :M → N be a submersion of complex (algebraic) manifolds,
with Tf the bundle of tangents to the fibers of f . Let Y ⊂ N a closed subspace and
X := f−1(Y ) ⊂M . Then
(2.12) c(Tf ) ∩ f
!(c∗(γ)) = c∗(f
∗(γ)) ∈ H∗(X)
for any γ ∈ F (Y ), with f ! : H∗(Y )→ H∗(X) the Gysin map induced by the smooth
morphism f : X → Y .
Note that c(TM) = c(Tf ) ∪ c(f∗TN) due to the short exact sequence of vector
bundles
0→ Tf → TM → f
∗TN → 0 .
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This Verdier-Riemann-Roch theorem is true for any smooth morphism f : X → Y of
complex (algebraic) varieties (see [36], [14][p.111] and [7][Cor.3.1(3)]). The Verdier-
Riemann-Roch theorem for a smooth morphism also follows from the existence of
a corresponding bivariant Chern class transformation as in [5, 8] (as explained in
[14][Prop.6B, p.67] for a corresponding bivariant Stiefel-Whitney class transforma-
tion). But here in this paper we are interested in the case of a closed embedding
i :M → N of complex (algebraic) manifolds, which is not covered by the bivariant
context (compare [14][Sec.10.7, p.112]).
Corollary 2.7. Let i : M → N be a closed embedding of complex (algebraic)
manifolds, with normal bundle TMN . Let Y ⊂ N be a closed subspace, with X :=
i−1(Y ) =M ∩Y ⊂M . Assume that γ ∈ F (Y ) is a constructible function such that
i is non-characteristic with respect to the support supp(CC(γ)) of the characteristic
cycle CC(γ) of γ. Then
(2.13) i!(c∗(γ)) = c(TMN) ∩ c∗(i
∗(γ)) ∈ H∗(X) ,
with i! : H∗(Y )→ H∗(X) the Gysin map induced by the regular embedding i :M →
N .
Note that c(i∗TN) = c(TM)∪c(T ∗MN) due to the short exact sequence of vector
bundles
0→ TM → i∗TN → TMN → 0 .
Consider for example a stratification of Y by locally closed complex (algebraic)
submanifolds S ⊂ Y , which is Whitney a-regular, i.e. such that
Λ :=
⋃
S
T ∗SN ⊂ T
∗N |Y
is closed. Then the embedding i is non-characteristic with respect to Λ, if and only
if M is transversal to all strata S of Y (see [29][p.255]). So the property non-
characteristic is a micro-local version (or generalization) of a stratified transversal-
ity condition. If this is the case, then i is by (2.8) non-characteristic with respect
to all EuS¯ and for Y irreducible (or pure dimensional) also to EuY .
If the stratification is also Whitney b-regular (which also implies a-regularity),
then
supp(CC(γ)) ⊂ Λ =
⋃
S
T ∗SN
for any γ which is constructible with respect to this stratification, i.e. such that γ|S
is locally constant for all S (see [29][sec.5.0.3). So if M is transversal to all strata S
of a Whitney b-regular stratification, then i is non-characteristic for all γ which are
constructible with respect to this stratification. For example the ambient manifold
N = Pn(C) is a complex projective space and M = H is a generic hyperplane.
Remark 2.8. For another approach to Corollary 2.7 based on Verdier specialization
instead of the theory of “non-characteristic pullback for Lagrangian cycles” see
[28][Cor.0.1, p.7].
In this paper we are especially interested in the diagonal embedding d : M →
M ×M forM a complex (algebraic) manifold, so that t : T ∗M ×M T ∗M → T ∗M is
just the addition map in the fibers. Also note that the normal bundle TM (M ×M)
of the diagonal embedding d is isomorphic to TM .
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Corollary 2.9. Let M be a complex (algebraic) manifold, with d :M →M×M the
diagonal embedding. Let Y ⊂M×M be a closed subspace, with X := d−1(Y ) ⊂M .
Assume that γ ∈ F (Y ) is a constructible function such that d is non-characteristic
with respect to the support supp(CC(γ)) of the characteristic cycle CC(γ) of γ.
Then
(2.14) d!(c∗(γ)) = c(TM) ∩ c∗(d
∗(γ)) ∈ H∗(X) ,
with d! : H∗(Y ) → H∗(X) the Gysin map induced by the diagonal embedding d :
M →M ×M .
Consider for example two closed subspaces X,X ′ ⊂ M with Y := X ×X ′ and
d−1(X ×X ′) = X ∩X ′. For α ∈ F (X) and β ∈ F (X ′) we have the constructible
function α× β ∈ F (X ×X ′), with
α× β((p, p′)) := α(p) · β(p′) for all p ∈ X, p′ ∈ X ′.
Then d∗(α× β) = α · β. Let α resp. β be constructible with respect to a Whitney
b-regular stratification of X resp. X ′ with strata S resp. S′. Then α × β is
constructible with respect to the Whitney b-regular product stratification of X×X ′
with strata S×S′. Assume now that these stratifications ofX andX ′ are transversal
in the sense that all strata S of X are transversal to all strata S′ of X ′. Then the
diagonal embedding d :M →M ×M is transversal to the product stratification of
X ×X ′ so that d is non-characteristic with respect to α× β. So by Corollary 2.9
and the multiplicativity (2.7) of the MacPherson Chern class one gets in this way
a proof of Theorem 1.2. with
d!(c∗(α)× c∗(β)) = d
!(c∗(α× β))
= c(TM) ∩ c∗(α · β)) ∈ H∗(X ∩X
′) .
(2.15)
Theorem 2.3 states the same result under the assumption that α and β are
splayed, which should be seen as another transversality assumption, similar but
different from the stratified transversality used above. In fact, splayedness implies
locally in the analytic topology this stratified transversality: AssumeM = V1×V2 is
a product of complex analytic manifolds, with α = π∗1(α
′) and β = π∗2(β
′) for some
α′ ∈ F (V1) and β′ ∈ F (V2), with πi : V1 × V2 → Vi the projection (i = 1, 2). Take
a Whitney b-regular stratification of V1 resp. V2 with strata S resp. S
′, so that α′
resp. β′ are constructible with respect to them. Then α resp. β is constructible
with respect to the two Whitney b-regular stratifications of M with strata S × V2
resp. V1 × S′, which (trivially) intersect transversaly. And this implies again the
global non-characteristic property:
splayed ⇒ local stratified transversality ⇒ non-characteristic.
Then the proof of Theorem 2.3 follows (as before) from Corollary 2.9 and the
multiplicativity (2.7) of the MacPherson Chern class. In some sense this implica-
tion together with Corollary 2.9 give a “mechanism obtaining intersection-theoretic
identities from local analytic data” as asked for in [2][Rem.3.5].
In the following we give an even simpler proof of the implication
splayed ⇒ non-characteristic,
which also applies to other interesting situations. To shorten the notation, and also
to better emphasize the underlying principle of proof, let us introduce the closed
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conic subset
co(α) := supp(CC(α)) ⊂ T ∗M |X ⊂ T ∗M
for α ∈ F (X) with X a closed subspace of the complex (algebraic) manifold. The
three formal properties we need are:
(co1) co is locally defined in the sense that it commutes with restriction to open
submanifolds of M .
(co2) We have the multiplicativity
co(α× β) ⊂ co(α) × co(β) ⊂ T ∗M × T ∗M = T ∗(M ×M).
(co3) For the projection π : M ×N →M from the product of two manifolds one
has
co(π∗(α)) ⊂ co(α)× T ∗NN ⊂ T
∗M × T ∗N = T ∗(M ×N),
with T ∗NN the zero section of T
∗N .
Note that in the case of co(α) := supp(CC(α)) the support of the characteristic
cycle CC(α) of a constructible function, these properties follow for example from
(2.8) together with the multiplicativity (which holds in the algebraic context over
a base field of characteristic zero):
(2.16) EuZ×Z′ = EuZ × EuZ′ .
Lemma 2.10. Let X,Y be two closed subspaces of the complex (algebraic) manifold
M with given splayed constructible functions α ∈ F (X) and β ∈ F (Y ). Then the
diagonal embedding d :M →M×M is non-characteristic with respect to co(α×β).
Proof. Note that even if we are working in a complex algebraic context, the non-
characteristic property in this context follows already from the corresponding non-
characteristic property of the associated complex analytically constructible func-
tions. Moreover, by (co1) this property can be locally checked in the analytic
topology. By the splayedness condition, we can assume M = V1 × V2 is a product
of analytic manifolds, with α = π∗1(α
′) and β = π∗2(β
′) for some α′ ∈ F (V1) and
β′ ∈ F (V2), with πi : V1 × V2 → Vi the projection (i = 1, 2). But then one gets by
(co3):
co(α) ⊂ co(α′)× T ∗V2V2 ⊂ T
∗V1 × T
∗
V2
V2
and
co(β) ⊂ T ∗V1V1 × co(β
′)) ⊂ T ∗V1V1 × T
∗V2 .
Assume now that t((p, ω), (p, ω′)) = (p, ω + ω′) = 0 ∈ T ∗M |p for some
((p, ω), (p, ω′)) ∈ co(α× β) ⊂ co(α) × co(β) .
Then ω′ = −ω and
(p, ω) ∈ co(α) ∩ a∗(co(β)) ,
with a : T ∗M → T ∗M the antipodal map. Therefore (p, ω) belongs to
(
T ∗V1 × T
∗
V2
V2
)
∩
(
T ∗V1V1 × T
∗V2
)
= T ∗V1V1 × T
∗
V2
V2 ,
the zero section of T ∗M . 
Let us finish this section with some other interesting examples, where a similar
notion of splayedness can be introduced.
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Example 2.11. Let us consider the MacPherson Chern class transformation c∗ :
F (X) → CH∗(X) in the embedded algebraic context over a base field of charac-
teristic zero (see e.g. [20, 31]). Then one can introduce the notion of splayedness
for two constructible functions as before, but asking the corresponding “splitting”
locally in the Zariski- or e´tale topology (which in the complex algebraic context
is of course much stronger than working locally in the analytic topolgy). Using
the corresponding characteristic cycle map CC characterized by (2.8), all of the
results and their proofs of this and the following chapter apply. For the impor-
tant comparison of the non-characteristic pullback of characteristic cycles with the
corresponding pullback for constructible function as in Theorem 3.3, one can use
for example the Lefschetz principle to reduce this to the complex algebraic context
studied here.
Example 2.12. Consider the embedded real subanalytic or semi-algebraic context,
with X a closed subanalytic (or semi-algebraic) subset in an ambient real ana-
lytic (Nash-) manifold M , and F (X,Z2) the corresponding group of Z2-valued
constructible functions. Then one can consider (as in [12, 31]) the corresponding
characteristic cycle map
CC2 : F (X,Z2)
∼
→ L(X,M)⊗ Z2
to conic subanalytic (or semi-algebraic) Lagrangian cycles with Z2 coefficients in
T ∗M |X . Since we are working with Z2-coefficients, no orientability ofM is needed.
But here conic just means R+-invariant. For the Lagrangian approch to Stiefel-
Whitney classes of such constructible functions, it is important to work only with
those constructible functions, for which CC2(α) is also R
∗-invariant so that it can
be projectivised as in the complex context. This just means a∗CC2(α) = CC2(α)
for the antipodal map a : T ∗M → T ∗M , and corresponds by a beautiful observation
of Fu and McCrory ([12]) to the classical local Euler condition of Sullivan (a sort
of self duality). Introducing the local splayedness condition as before, one gets first
the important property that for α and β splayed and both satisfying the local Euler
condition, also α ·β satisfies the local Euler condition. For example if X,Y are two
splayed closed subanalytic (or semi-algebraic) Euler subspaces of M (i.e. such that
1X , 1Y satisfy the local Euler condition), then also the intersection X ∩ Y is an
Euler space.
Let FEu(X ;Z2) ⊂ F (X,Z2) denote the corresponding subgroup of constructible
functions satisfying the “local Euler condition”. Then one can introduce the Stiefel-
Whitney class transformation
w∗ : F
Eu(X ;Z2)→ H
BM
∗ (X,Z2)
with the help of the corresponding R∗-invariant Lagrangian cycles very similar to
the approach to the MacPherson Chern class c∗ in the complex context discussed
in the next chapter (see [12, 31]). Then all our results and proofs also apply to this
context (as will be explained somewhere else).
If for example X,Y are two splayed closed subanalytic (or semi-algebraic) Euler
subspaces of M , then
(2.17) w∗(X) · w∗(Y ) = w(TM) ∩ w∗(X ∩ Y ) ∈ H
BM
∗ (M,Z2) .
For a similar result about the Stiefel-Whitney class of the transversal intersection
of two Euler spaces in the pl-context compare with [24].
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Example 2.13. We consider the micro-local view on sheaf theory developed by
Kashiwara and Schapira [19]. HereM is a real analytic manifold, and F,G ∈ Db(M)
are bounded complexes of sheaves. Let us call them splayed, if there is near any
given point p ∈M a local analytic isomorphism M = V1×V2 of analytic manifolds
so that F = π∗1(F
′) and G = π∗2(G
′) for some F ′ ∈ Db(V1) and G
′ ∈ Db(V2), with
πi : V1 × V2 → Vi the projection (i = 1, 2). Here the pullback just means the usual
sheaf theoretic pullback.
Let for example F ∈ Db(M) be a sheaf complex, all of whose cohomology sheaves
are locally constant. Then F and G are splayed for all G ∈ Db(M).
Back to the general case, assume only that F and G are splayed. Then the
diagonal embedding d : M → M × M is non-characteristic with respect to the
micro-support
SS(F ⊠L G) ⊂ T ∗(M ×M)
of F ⊠L G. In fact our proof of Lemma 2.10 applies to the closed R+-conic
subset co(F ) := SS(F ) ⊂ T ∗M , which satisfies the three properties (co1-3) by
[19][Prop.5.4.1, Prop.5.4.5].
Assume that we are in the complex analytic context, with F,G ∈ Dbc(X) con-
structible sheaf complexes (with rational coefficients), which are perverse (up to a
shift) for the middle perversity (see [19][Sec.10.3] or [29][Chapter 6]). If F and G
are splayed, then also
F ⊗L G = d∗(F ⊠L G)
is a perverse sheaf up to a shift (compare also with [19][Lem.10.3.9]), since
(2.18) F ⊗L G = d∗(F ⊠L G) ≃ d!(F ⊠L G)[2 · dimC(M)]
due to the non-characteristic property (see [19][Cor.5.4.11]). Let for example X,Y
be two splayed pure dimensional complex analytic subsets. Then also the corre-
sponding middle perversity intersection cohomology complexes ICX , ICY are splay-
ed, since these commute with smooth pullback (see [29][Sec.6.0.2, Lem.6.0.3]. Here
we are using the convention that ICX = QX for X smooth). Then also X ∩ Y is
pure dimensional of dimension dimC(X) + dimC(Y )− dimC(M), with
ICX∩Y ≃ d
∗(ICX ⊠
L ICY ) .
If X,Y are also compact, then one can also consider the corresponding Goresky-
MacPherson L-classes [17], and it becomes natural to ask for the following inter-
section formula:
(2.19) L∗(X) · L∗(Y )
?
= L(TM) ∩ L∗(X ∩ Y ) ∈ H∗(M,Q) ,
with L(TM) the Hirzebruch L-class. The Lagrangian approach taken up in this
paper doesn’t apply to the theory of L-classes of singular spaces. But the method
of proof developed in [28] based on Verdier specialization might work, since the
non-characteristic property of the diagonal embedding d with respect to the micro-
support SS(F ⊠L G) implies by [19][Cor.5.4.10(i)] that the support
supp(µM (F ⊠
L G))
of the microlocalization µM (F ⊠
L G) of two splayed sheaf complexes is contained
in the zero-section of T ∗M (M ×M).
For a result similar to (2.19) about the Goresky-MacPhersonL-class of a transver-
sal intersection in the pl-context compare with [25].
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Example 2.14. We are working with coherent left D-modules on the complex an-
alytic manifold M (see e.g. [19][Chapter XI]). Let us call two such modules F ,G
splayed, if there is near any given point p ∈ M a local analytic isomorphism
M = V1 × V2 of analytic manifolds so that F = π
−1
1 (F
′) and G = π−12 (G
′) for
some D-modules F ′ on V1 and G
′ on V2, with πi : V1 × V2 → Vi the projection
(i = 1, 2). Here the pullback means this time the pullback of left D-modules. Then
the diagonal embedding d :M →M ×M is non-characteristic with respect to the
characteristic variety
char(F⊠G) ⊂ T ∗(M ×M)
of the D-module cross product F⊠G. In fact our proof of Lemma 2.10 applies to
the closed complex analytic C∗-conic subset
co(G) := char(G) ⊂ T ∗M ,
which satisfies the properties (co1-3) by [19][(11.2.22), Prop.11.2.12]. Then also
F⊗G := d−1(F⊠G)
is a coherent D-module by the non-characteristic property (see [19][Prop.11.2.12]).
If we are working with holonomic D-modules, then their characterictic varieties
are also closed conic Lagrangian subsets of T ∗M . Moreover, one can also directly
define for a holonomic D-module G its characteristic cycle CC(G) supported on
char(G). And it was Ginsburg [16], who first used from this D-module view point
the “non-characteristic” condition in his study of the behavior of the MacPherson
Chern class transformation with respect to a suitable convolution product (and
compare also with [15] for his D-module approach to the MacPherson Chern class
transformation).
Finally one can similarly introduce the notion of splayedness for F ∈ Db(M) a
bounded sheaf complex (with complex coefficients) and G a coherent left D-module,
using the usual (resp. D-module) pullback for F resp. G. Then the closed conic
subsets co(F ) = SS(F ) ⊂ T ∗M and co(G) = char(G) ⊂ T ∗M both satisfy the
properties (co1) and (co3). Therefore one gets for F and G splayed as in the proof
of Lemma 2.10 the estimate
(2.20) SS(F ) ∩ char(G) ⊂ T ∗MM.
So if F is also a subanalytically constructible sheaf complex, one gets that (F,G)
is an elliptic pair in the sense of [27].
3. Pullback of Lagrangian cycles
In this section we work again in the embedded complex analytic or algebraic
context, with Y a closed subspace in the complex manifold N . Let us first recall
the main ingredients in MacPherson’s definition of his (dual) Chern classes of a
constructible function and the well known by now relation to the theory of charac-
teristic cycles (cf. [15, 20, 26, 31]). Then the main characters of this story can be
best visualized in the commutative diagram
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(3.1)
F (Y )
Eˇu
←−−−−
∼
Z∗(Y )
cˇMa
∗−−−−→ H∗(Y )
∥∥∥ cn
y≀
∥∥∥
F (Y )
CC
−−−−→
∼
L(Y,M)
c(T∗M|Y )∩s∗
−−−−−−−−−→ H∗(Y ).
Here F (Y ) and Z∗(Y ) are the groups of constructible functions and cycles in the
corresponding complex analytic or algebraic context (where we allow locally finite
sums in the analytic context). Similarly H∗(Y ) denotes the Borel-Moore homol-
ogy group in even degrees HBM2∗ (Y,Z) or in the algebraic context the Chow group
CH∗(Y ).
The transformation Eˇu associates to a closed irreducible subset Z of Y the
constructible function given by the dual Euler obstruction
EˇuZ := (−1)
dim(Z) ·EuZ
of Z, and is linearly extended to cycles. Then Eˇu is an isomorphism of groups,
since EuZ |Zreg is constant of value 1. The transformation cˇMa∗ is similarly defined
by associating to an irreducible Z the total dual Chern-Mather class cˇMa∗ (Z) of Z
viewed in H∗(Y ). One has the following description of the dual Chern-Mather class
of Z in terms of the Segre class of the conormal space T ∗ZN := T
∗
Zreg
N of Z in N ,
which is a conic Lagrangian subspace in T ∗N |X :
(3.2) cˇMa∗ (Z) = c(T
∗N |Z) ∩ s∗(T
∗
ZN)
after e.g. [26, Lemme (1.2.1)] or [20, Lemma 1]. The Segre class is defined by
(compare [13, Sec.4.1]):
s∗(T
∗
ZN) := πˆ∗(c(O(−1))
−1 ∩ [P(T ∗ZN ⊕ 1)])
=
∑
i≥0
π∗(c
1(O(1))i ∩ [P(T ∗ZN ⊕ 1)]).
(3.3)
Here O(−1) denotes the tautological line subbundle on the projective completion
πˆ : P(T ∗N |Z⊕1)→ Z with O(1) as its dual. Note that we work with the projective
completion to loose no information contained in the zero section.
Example 3.1. Let Z be a closed complex submanifold of N , and consider the La-
grangian cycle [T ∗ZN ]. Then s∗([T
∗
ZN ]) = (c(T
∗
ZN))
−1 ∩ [Z] and
c(T ∗N |Z) ∩ s∗([T
∗
ZN ]) = c(T
∗N |Z) ∩ (c(T ∗ZN))
−1 ∩ [Z] = c(T ∗Z) ∩ [Z].
Here we use the Whitney formula for the total Chern class c and the exact sequence
of vector bundles:
0→ T ∗ZN → T
∗N |Z → T ∗Z → 0.
By definition, L(Y,N) is the group of all cycles generated by the conormal spaces
T ∗ZN for Z ⊂ Y closed and irreducible. The vertical map cn in diagram (3.1) is the
correspondence Z 7→ T ∗ZN . Then (3.2) obviously implies the commutativity of the
right square in (3.1).
The dual MacPherson Chern class transformation is defined by
(3.4) cˇ∗ := cˇ
Ma
∗ ◦ Eˇu
−1 : F (Y )→ H∗(Y ).
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This agrees up to a sign with MacPherson’s original definition [23] of his Chern
class transformation c∗, namely
(3.5) cˇi(α) = (−1)
i · ci(α) ∈ Hi(Y ) .
The commutativity of the left square in (3.1) follows either by definition, if the
characteristic cycle map CC is defined (as done in [20, 26]) by
(3.6) CC(EˇuZ) = [T
∗
ZN ]
for Z ⊂ Y a closed irreducible subspace. Working in the complex algebraic or
analytic context in the classical topology, one can also take another more refined
definition based on stratified Morse theory for constructible functions (as done in
[31, 33] and [29][Sec.5.0.3]):
(3.7) CC(α) :=
∑
S
(−1)dim(S) · χ((NMD(S), α)) ·
[
T ∗
S¯
N
]
for α ∈ F (Y ) constructible with respect to a given Whitney b-regular stratification
of Y with connected strata S. Here χ((NMD(S), α)) is the Euler characteristic of
a suitable normal Morse datum NMD(S) of Y weighted by α, which only depends
on the stratum S (but the details are not needed in this paper). Then the equality
(3.6) follows from [29][(6.35), p.293 and p.323-324].
Let us consider a morphism of manifolds f : M → N as in the diagram (2.10),
with X := f−1(Y ) and the same notations as in (2.10), e.g. with the induced
map f ′ : f∗(T ∗N |Y ) → T ∗N |Y . Then we get a similar diagram for the projective
completions :
(3.8)
P(T ∗M |X ⊕ 1)
tˆ
←−−−− U ⊂ P(f∗(T ∗N |Y )⊕ 1)
fˆ
−−−−→ P(T ∗N |Y ⊕ 1)
ypˆiX
ypˆi
ypˆiY
X X
f
−−−−→ Y.
The right square is cartesian, but the map tˆ is only defined on the complement U of
P(Ker(t)⊕ {0}). For the application to Segre-classes it is important to note, that
(3.9) tˆ∗(OX(1)) ≃ (fˆ
∗(OY (1)))|U .
One has the following characterization (compare with [29][Lem.4.3.1] for a counter-
part in the real algebraic resp. analytic context):
Lemma 3.2. Let C ⊂ T ∗N |Y be a closed conic complex algebraic resp. analytic
subset. Then the following conditions are equivalent:
(1) f :M → N is non-characteristic for C, i.e. f ′−1(C) ∩Ker(t) is contained
in the zero section f∗(T ∗NN |Y ) of the vector bundle f
∗(T ∗N |Y ).
(2) The map t : f ′−1(C)→ T ∗M is proper and therefore finite (since its fibers
are subspaces of an affine vector space).
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Proof. Note that (2) ⇒ (1) is obvious, since C is conic. So lets discuss the other
implication. Looking at the projective completions, one gets a commutative dia-
gram
(3.10)
T ∗M |X
t
←−−−− f ′−1(C)
f ′
−−−−→ C
y
y
y
P(T ∗M |X ⊕ 1)
tˆ
←−−−− fˆ−1(Cˆ)
fˆ
−−−−→ Cˆ
ypˆiX
ypˆi
ypˆiY
X X
f
−−−−→ Y.
The upper vertical maps are the natural inclusions, and all squares except the lower
left square are cartesian. Note that tˆ is defined on fˆ−1(Cˆ), since fˆ−1(Cˆ) ⊂ U by
the assumption (1). Then tˆ|fˆ−1(Cˆ) is proper, since πˆX ◦ tˆ = πˆ and πˆ, πˆX are proper.
But then t|f ′−1(C) is proper by base change. 
So if f : M → N is non-characterstic with respect to the closed conic complex
algebraic resp. analytic subset C ⊂ T ∗N |Y , we can define for the closed conic
complex algebraic resp. analytic subset C′ := t(f ′−1(C)) ⊂ T ∗M |X the induced
group homomorphism
(3.11) t∗ ◦ f
′! : H∗(C)→ H∗(C
′) .
Here we use the map f ′ : T ∗N → f∗T ∗N of ambient complex (algebraic) manifolds
for the refined Gysin map f ′! : H∗(C) → H∗(f−1(C)). Note that t∗ is degree
preserving, whereas
f ′! : Hi(C)→ Hi+m−n(f
−1(C)) ,
with n = dim(N),m = dim(M) and m− n = dim(f∗T ∗N)− dim(T ∗N). Assume
that C resp. C′ are pure d- resp. d′-dimensional, with d′ := d + m − n (as will
be the case for C Lagrangian with d = n and d′ = m). Then we get an induced
pullback map of cycles:
t∗ ◦ f
′! : Zd(C) ≃ Hd(C)→ Hd′(C
′) ≃ Zd′(C
′)
behaving nicely with respect to Segre classes :
(3.12) f !(s∗([C])) = s∗(t∗f
′![C]) ∈ H∗(X) .
In fact, one has the following sequence of equalities (with the maps of projective
completions as in (3.8)):
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f !s∗([C]) =
∑
i≥0
f !
(
πˆY ∗(c
1(OY (1))
i ∩ [Cˆ])
)
=
∑
i≥0
πˆ∗
(
fˆ !(c1(OY (1))
i ∩ [Cˆ])
)
=
∑
i≥0
πˆ∗
(
c1(fˆ∗OY (1))
i ∩ (fˆ ![Cˆ])
)
=
∑
i≥0
πˆX∗tˆ∗
(
c1(tˆ∗OX(1))
i ∩ (fˆ ![Cˆ])
)
=
∑
i≥0
πˆX∗
(
c1(OX(1))
i ∩ (tˆ∗fˆ
![Cˆ])
)
= s∗(t∗f
![C]) .
Here we are using:
(1) the base change isomorphism f !πˆY ∗ = πˆ∗fˆ
!,
(2) the compability fˆ !(c1(·) ∩ (·)) = c1(fˆ∗(·)) ∩ fˆ !(·),
(3) the isomorphism (3.9) together with πˆ∗ = πˆX∗ tˆ∗ by the functoriality of
pushdown,
(4) the projection formula tˆ∗(c
1(tˆ∗·) ∩ (·)) = c1(·) ∩ tˆ∗(·).
The non-characteristic pullback map (3.11) is also functorial in f . Let g : V →M
be another morphism of complex (algebraic) manifolds, with Z := g−1(X) = (f ◦
g)−1(Y ). Consider the cartesian diagram
(3.13)
g∗f∗T ∗N
g′′
−−−−→ f∗T ∗N
f ′
−−−−→ T ∗N
t′f
y
ytf
g∗T ∗M −−−−→
g′
T ∗M
tg
y
T ∗V ,
with
f ′ ◦ g′′ = (f ◦ g)′ : g∗f∗T ∗N = (f ◦ g)∗T ∗N → T ∗N
and
tg ◦ t
′
f = tf◦g : g
∗f∗T ∗N = (f ◦ g)∗T ∗N → T ∗V .
Using Lemma 3.2, one easily gets that f ◦ g is non-characteristic with respect to
the closed conic complex algebraic resp. analytic subset C ⊂ T ∗N |Y , if and only
if f is non-characteristic with respect to C and g is non-characteristic with respect
to C′ := t(f ′−1(C)) ⊂ T ∗M |X . Moreover, in this case one gets
(3.14) (tg∗g
′!) ◦ (tf∗f
′!) = tg∗t
′
f∗g
′′!f ′! = tf◦g∗(f ◦ g)
! : H∗(C)→ H∗(C
′′) ,
with C′′ := tg(g
′−1(C′)) = tf◦g(f ◦ g)′−1(C) ⊂ T ∗V |Z. Here we are using the
functorialities tg∗t
′
f∗ = tf◦g∗ and g
′′!f ′! = (f ◦ g)′! together with the base change
isomorphism g′!tf∗ = t
′
f∗g
′′!.
Now we can come to the main result of this chapter.
18 J. SCHU¨RMANN
Theorem 3.3. Let f :M → N be a morphism of complex (algebraic) manifolds of
(complex) dimensions m = dim(M), n = dim(N), and Y ⊂ N be a closed subspace,
with X := f−1(Y ) ⊂ M . Assume that f is non-characteristic with respect to
the support C := supp(CC(γ)) ⊂ T ∗N |Y of the characteristic cycle CC(γ) of a
constructible function γ ∈ F (Y ). Then C′ := tf (f
′−1(C)) is pure m-dimensional,
with
(3.15) tf∗f
′!(CC(γ)) = (−1)m−n · CC(f∗(γ)) .
In particular, the left hand side is a Lagrangian cycle in T ∗M |X.
So by (3.2), (3.4) and (3.12) we get
f !(c(T ∗N)−1 ∩ cˇ∗(γ)) = f
!s∗(CC(γ))
= (−1)m−n · s∗(CC(f
∗(γ)))
= (−1)m−n · c(T ∗M)−1 ∩ cˇ∗(f
∗(γ)) .
(3.16)
And this is just a reformulation of our main Theorem 2.5 in terms of the dual
Chern MacPherson class, since ci(V ∗) = (−1)i · ci(V ) for a complex vector bundle
V . Recall that also cˇi(γ) = (−1)i · ci(γ). Finally the sign (−1)m−n is disapearing
in Theorem 2.5, since tf∗f
′! : Hi(C)→ Hi+m−n(C′).
Remark 3.4. Theorem 3.3 is similar to the result of [19][Prop.9.4.3] for constructible
sheaf complexes in the context of real geometry, but formulated under the stronger
assumption of the non-characteristic property with respect to the micro-support
instead of the support of the characteristic cycles. Moreover, if one then applies
[19][Prop.9.4.3] to our complex analytic (or algebraic) context, then also the sign
(−1)m−n is not appearing, because a different orientation convention is used for
the ambient manifolds T ∗N, T ∗M (needed for the definition of the Gysin map f ′!.
Compare [29][Rem.5.0.3]).
Let us now discuss the proof of Theorem 3.3. By using the graph embedding
and the functoriality (3.14) of the non-characteristic pullback, one can consider
separately the case of a submersion f : M → N of complex (algebraic) manifolds,
and that of a closed embedding i : M → N . Moreover it can be (e´tale) locally
checked on X ⊂M . So for the case of a submersion we can assume f :M×N → N
is a projection of complex manifolds. Then the claim follows from
tf∗f
′−1([T ∗ZN ]) = [T
∗
MM ]× [T
∗
ZN ]
and the mutiplicativity of the Euler obstruction
EuM×Z = EuM × EuZ = 1M × EuZ = f
∗(EuZ)
for Z ⊂ Y a closed irreducible subspace. Then
CC(EuZ) = (−1)
dim(Z) · [T ∗ZN ]
and
CC(EuM×Z ) = (−1)
dim(Z)+dim(M) · [T ∗MM ]× [T
∗
ZN ] .
This also explains the sign (−1)dim(M) appearing, with dim(M) the fiber dimension
of the projection f : M ×N → N . Here the multiplicativity of the Euler obstruc-
tion is also equivalent to the multiplicativity of the characteristic cycle map CC.
If one uses the refined Morse theoretical definition (3.7), then this multiplicativity
follows from [29][(5.6) and (5.24)], and the sign (−1)dim(M) comes from the use of
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(−1)dim(S) in the definition (3.7).
The local study of a closed embedding i : M → N can be reduced by induction
(and the functoriality (3.14) of the non-characteristic pullback) to the case i :M =
{f = 0} →֒ N of the inclusion of a smooth hypersurface, with f : N → C a
submersion. Assume i is non-characteristic for T ∗ZN , with Z ⊂ Y ⊂ N a closed
irreducible subspace. This just means df(M) ∩ T ∗ZN = ∅. By shrinking N , we
can also assume df(N) ∩ T ∗ZN = ∅. Then f : Zreg → C is also a submersion, in
particular Z 6⊂M = {f = 0}. Consider the exact sequence of vector bundles on N :
0→< df >= Ker(p)→ T ∗N → T ∗f → 0 ,
with the projection p : T ∗N → T ∗f dual to the inclusion Tf → TN of the subvector
bundle of tangents to the fibers of f . Then T ∗ZN ∩ Ker(p) is contained in the
zero-section T ∗NN of T
∗N . Therefore p : T ∗Z → T
∗
f is proper and finite (as in the
proof of Lemma 3.2), with
p(T ∗ZN) = T
∗
Zf := T
∗
Zreg
f
the relative conormal space of f |Z (i.e. the closure of the fiberwise conormal bundle
of f : Zreg ⊂ N → C). In particular, T ∗Zf is irreducible of dimension n = dim(N) =
dim(T ∗ZN). Moreover p|T
∗
Zreg
N is also injective so that
p∗([T
∗
ZN ]) = [T
∗
Zf ] .
Consider the cartesian diagram
(3.17)
i∗T ∗N
i′
−−−−→ T ∗N
t
y
yp
T ∗M −−−−→
k
T ∗f ,
witk k : T ∗M = T ∗f |M → T
∗
f the inclusion of the fiber over {f = 0} =M . Then
t(i′−1(T ∗ZN)) = k
−1(p(T ∗ZN)) ⊂ T
∗M
is of pure dimension n− 1 = dim(M). Moreover, by base change we get
t∗(i
′!(CC(EˇuZ)]) = t∗(i
′!([T ∗ZN ]))
= k!(p∗([T
∗
ZN ]))
= k!([T ∗Zf ]) .
(3.18)
And by [26][Thm.4.3] one has
(3.19) k!([T ∗Zf ]) = CC(−ψf (EˇuZ)) ,
with ψf : F (Y )→ F (X) the nearby cycles for constructible functions, which are cal-
culated as weighted Euler characteristics of local Milnor fibers (compare [31][2.4.7]).
Then the sign in (3.19) is again due to the use of (−1)dim(S) in the definition (3.7),
because this local Milnor fiber is transversal to the strata S of an adapted Whitney
stratification, cutting down the complex dimension by one.
Finally we only have to show ψf (EˇuZ) = i
∗(EˇuZ). But the difference is just the
vanishing cycles (see [31][2.4.8]):
φf (EˇuZ) := ψf (EˇuZ)− i
∗(EˇuZ) ,
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with φf (EˇuZ)(x) = 0 for all x ∈ X by [6][Thm.3.1]. Or one can use here [30][(15)]
as an application of the micro-local intersection formula (see [30][(13),(14)]):
(3.20) − φf (EˇuZ)(x) = ♯dfx(df(N) ∩ CC(EˇuZ)) ,
since CC(EˇuZ) = [T
∗
ZN ] and df(N) ∩ T
∗
ZN = ∅ by the non-characteristic assump-
tion.
Let us finish this paper with another nice application of Theorem 3.3.
Corollary 3.5. Let M a complex (algebraic) manifold of dimension m = dim(M),
with α, β ∈ F (M) given constructible functions. Assume that the diagonal embed-
ding d : M → M ×M is non-characteristic with respect to supp(CC(α × β)) (e.g.
α, β ∈ F (M) are splayed or stratified transversal), with supp(α · β) compact.
Then also supp(CC(α) ∩CC(β)) ⊂ T ∗M is compact, with
(3.21) χ(M ;α · β) = (−1)m · deg(CC(α) ∩ CC(β)) .
Proof. Consider the cartesian diagram
(3.22)
T ∗M
(id,a)
−−−−→ T ∗M ×M T ∗M
d′
−−−−→ T ∗(M ×M)
piM
y
yt
M −−−−→
s
T ∗M ,
with s :M → T ∗M the zero-section and a : T ∗M → T ∗M the antipodal map. Then
one gets by the global index formula for characteristic cycles (see e.g. [30][Cor.0.1],
which also covers the corresponding context in real geometry):
χ(M ;α · β) = k∗s
!(CC(α · β)) ,
with k : M → pt a constant map. Here in our complex geometric context, this is
also a very special case of the functoriality of the (dual) Chern MacPherson class
with respect to the constant proper map k : supp(α · β)→ pt, since
(3.23) s!(CC(α · β)) = cˇ0(α · β) = c0(α · β) ∈ H0(supp(α · β)) .
And this equality follows from [13][Example 4.1.8]:
{c(T ∗M) ∩ s∗(CC(α · β))}0 ,
with {−}0 the degree zero part, calculates for the m-dimensional conic cycle CC(α ·
β) in the vector bundle T ∗M of rank m the intersection with the zero-section. But
by the commutative diagram (3.1) we know that
c(T ∗M) ∩ s∗(CC(α · β)) = cˇ∗(α · β) .
By Theorem 3.3 and the multiplicativity of the characteristic cycle map CC we
also have
CC(α · β) = (−1)m · t∗d
′!(CC(α) × CC(β)) .
And by the non-characteristic (or splayedness) assumption,
t : d′−1(supp(CC(α) × CC(β)))→ T ∗M
is proper. But then by base change, also πM as a map
(id, a)−1d′−1(supp(CC(α) × CC(β))) = supp(CC(α) ∩ a∗CC(β))→M
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is proper, with image contained in the compact subset supp(α ·β) ⊂M . Note that
a! = a∗ : H∗(T
∗M) → H∗(T ∗M), since a2 = id : T ∗M → T ∗M . Finally by the
base change s!t∗ = πM∗(id, a)
! one gets
χ(M ;α · β) = (−1)m · k∗πM∗(CC(α) ∩ a∗(CC(β))
= (−1)m · deg(CC(α) ∩ a∗CC(β)) .
And in our complex context we also have a∗CC(β) = CC(β). 
Remark 3.6. In [18] a counterpart of Corollary 3.5 in the context of real geometry
is discussed under a “stratified tranversality” assumption. See also [27][(1.4), Part
II] for a far reaching generalization to elliptic pairs. Note that both references use
a different orientation convention, so that the sign (−1)m in (3.21) disappears.
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